Multiferroic BiFeO 3 (BFO) materials have been experiencing a huge resurgence of interest in the last 8 years or so, mostly because they exhibit coupled long-rangeordered electric and magnetic degrees of freedom at room temperature (see, e.g., Ref. [1] ). In particular, recent striking features have been reported in epitaxial BiFeO 3 thin films. Examples include a strain-driven phase transition towards states with giant axial ratio and large outof-plane polarization [2] [3] [4] [5] , dramatic enhancement of magnetoelectric coefficients near this phase transition [6, 7] , and the possibility of generating large piezoelectric responses because of the coexistence of nanodomains made of different phases [8] . Other examples are the strong and counterintuitive dependency of critical transition temperatures with the epitaxial strain [9] , and the prediction of array of ferroelectric vortices [10] that was then experimentally confirmed [11] . Interestingly, all these latter breakthroughs were reported for (001) BiFeO 3 thin films. On the other hand, very little is known about BFO films that are grown along directions that are different from the usual pseudocubic [001] direction [12] [13] [14] . It is therefore legitimate to wonder if further surprises are in store when playing with the growth direction in BFO, especially when realizing that such fascinating material exhibits many different metastable states in its bulk form [15] .
The aim of this Letter is to investigate the effect of compressive and tensile strains on properties of epitaxial BFO films that are grown along the pseudocubic ½ 110 direction, by performing 0 K first-principle calculations. As we will see, surprises are indeed in store. For instance, the equilibrium ground-state for tensile strain and small compressive strain is found to be of monoclinic Cc symmetry and possesses two order parameters that both fully lie within the ð 110Þ epitaxial plane and rotate within that plane when the strain is varied. These parameters are the polarization and a vector quantifying both the axis about which the oxygen octahedra tilt in antiphase fashion and the magnitude of such tilting. Furthermore, for compressive strain ranging between ' À1:6% and ' À7%, the Cc state is destabilized via a phase transition in favor of a nonpolar orthorhombic phase of Pnma symmetry. Such latter phase is characterized by both in-phase and out-ofphase oxygen octahedra tiltings and by additional antiphase Bi displacements associated with the X point of the first Brillouin zone [15] . For even larger-in-magnitude compressive strain, a novel paraelectric phase of P2 1 2 1 2 1 space group becomes the ground-state via another phase transition. Such phase possesses an additional order parameter with respect to Pnma, that is antiphase Bi displacements associated with the M point of the first Brillouin zone. This unusual coexistence of several order parameters leads to the original formation of interpenetrated arrays of ferroelectric vortices and antivortices in the P2 1 2 1 2 1 state. Furthermore, the Pnma-to-P2 1 2 1 2 1 transition constitutes a rare example [16] of a so-called gyrotropic phase transition (that is characterized by the appearance of a spontaneous optical activity) [17] [18] [19] [20] . In fact, to the best of our knowledge, this study reports the first pure gyrotropic phase transition ever predicted or observed in a perovskite material.
Here, we perform density-functional calculations (DFT) at 0 K [21] using the Vienna ab initio simulation package (VASP) [22] within the local spin density approximation plus the Hubbard parameter U (LSDA þ U) with U ¼ 3:87 eV [23, 24] . We use the projected augmented wave (PAW) method and a 3 Â 2 Â 3 k point mesh and an energy cutoff of 500 eV. We employ a 20-atom cell, in which a G-type antiferromagnetic order is assumed. In [110] directions, respectively, and therefore both belong to the ð 110Þ plane-unlike the a 1 vector. The misfit strain (to be denoted by mis in the following) is defined as ða À a 0 Þ=a 0 , where a 0 corresponds to the pseudocubic 0 K lattice parameter of BFO bulk (which is equal to 3.9 Å in our case). For each considered value of a, the 1 , 2 and 3 variables and internal atomic coordinates are relaxed to minimize the total energy, Hellman-Feynman forces and the 3 , 4 and 5 components of the stress tensor in the (
p is the axial ratio. For each in-plane lattice constant, a, we focus on the phases that have the lowest total energy. Figure 1 reports the energy of these phases as a function of the misfit strain, with this latter varying between À9% and þ9%. In addition to the axial ratio, Figs (ii) the ! R vector whose direction is the axis about which the antiphase oxygen octahedra associated with the R point of the 5-atom first Brillouin zone tilt while its magnitude is the angle of such tilting [24] ; and (iii) the ! M vector that characterizes the direction and strength of the in-phase oxygen octahedra tilting associated with the M point of the 5-atom first Brillouin zone (here, this M point corresponds to =að1; 1; 0Þ in the (x, y, z) frame). The remaining two other vectors, g X and g M , are defined such as their -Cartesian components are given by
where R j locates the center of the jth 5-atom cell, and r Bi j; is the -component of the displacement of the Bi atom in the jth 5-atom cell (with respect to a FIG. 1 (color online). Total energy versus misfit strain for the equilibrium phases in an epitaxial (À110) BFO film, as computed from LSDA þ U calculations in a 20-atom cell. The inset displays the same information but for a narrower range of misfit strain ranging from ' À4% to ' þ2%.
FIG. 2 (color online)
. Predicted physical properties of an epitaxial (À110) BFO film versus the misfit strain in the equilibrium phases. Panels (a) shows the axial ratio. Panels (b) and (c) display the Cartesian components of the polarization and ! R antiferrodistortive vector associated with the R point in the (x, y, z) frame, respectively. Panels (d) and (e) show similar data than Panels (b) and (c) but in the (x 0 , y 0 , z 0 ) frame for which the z 0 axis is along the out-of-plane direction. The top right schematizes the two frames.
0; 1Þ in the (x, y, z) frame, while k M is the M point of the first Brillouin zone associated with 5-atom cells and corresponding to =að1; 1; 0Þ in the (x, y, z) frame. Finally, Z Ã Bi is the effective charge tensor of Bi atoms and V is the supercell volume. The sums run over all the 5-atom cells j belonging to the supercell. g X and g M thus quantify specific antiphase displacements of the Bi atoms. Figure 1 reveals the existence of three different equilibrium phases within the misfit strain region considered here. Their space group is determined from the ''FINDSYM'' [25] and ''BPLOT'' [26] programs. The first phase has a monoclinic Cc symmetry and is the lowest-in-energy state for mis ranging between ' À1:6% and þ9%. Note that Cc phases have been previously found in (001) BFO films [4] [5] [6] [7] . Interestingly, Figs. 2 indicate that the present Cc state is characterized, at zero misfit strain, by a polarization lying along the in-plane pseudocubic [111] direction and by antiphase oxygen octahedra (associated with the R point of the first Brillouin zone) tilting about the same axis. As the strain progressively increases towards þ9%, the polarization increases in magnitude and rotates towards the pseudocubic [334] direction, while always staying within the epitaxial (À110) plane. During this evolution, the overall oxygen octahedra tilts become weaker while their axis also rotate within the epitaxial plane (towards the [223] pseudocubic direction) [27] . Figure 2 (a) also shows that the axial ratio progressively decreases from 1.02 to 0.86 as mis varies between ' À1:5% and þ9%. Interestingly, a recent experimental study [14] investigated (110) BFO thin films that were grown on a (110) SrTiO 3 substrate but that were partially relaxed, which led to an average misfit strain ' À0:5%. Such films were found to exhibit a monoclinic phase and a value of ' 1:02 for the axial ratio we defined above, which agree well with our predictions.
One major finding of this study is that the Cc state becomes metastable for compressive strain lower than ' À1:6%, in favor of a new phase having the orthorhombic Pnma space group. This Pnma phase has no polarization at all [see Figs. 2(b) and 2(d)]. As a result, the presently discovered Cc-to-Pnma transition under compressive strain in (À110) BFO films is a ferroelectric-to-paraelectric transition. This contrasts with the so-called R-to-T transition occurring in (001) BFO films under compressive strain and that concerns two polar states [3, 8] . In fact, the Pnma phase is characterized by (i) oxygen octahedra tilting in antiphase manner about the pseudocubic, out-of-plane ½ . Interestingly, Pnma exists in BFO bulk [28] at high temperature, but is a metastable state in (rather than the ground state of) BFO bulk at low temperature [15] -unless one applies high enough pressure [29] . Note that the presently discovered Pnma state has its energy minimum being higher than the minimum of the Cc state by only '20 meV per 5 atom, which is of the same order than the predicted difference in minimum between the R3c and Pnma phases in bulk BFO at T ¼ 0 K [15] . Interestingly, common substrates (such as SrTiO 3 , DyScO 3 , ðLaAlO 3 ÞO 0:3 -ðSr 2 AlTaO 6 Þ 0:7 and GdScO 3 ) fall in within the À2:5% À 0% misfit strain region [9] , which should make the observation of the predicted Pnma and Cc phases feasible.
Figs. 2(c) and 2(e) also indicate that increasing the strength of the compressive strain within Pnma does not affect the tilting of the oxygen octahedra associated with the R point. On the other hand, such increase enhances the in-phase tilting of the oxygen octahedra [see Figs Fig. 2(a) ]. 
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Another striking feature of Fig. 1 is the destabilization of the Pnma state in favor of another phase that is still orthorhombic and still paraelectric, for compressive strain larger in magnitude than '7%. However, this new phase has a different space group, namely, is of P2 1 2 1 2 1 symmetry. It mostly differs from the Pnma by a giant axial ratio (of the order of 1.3) and by the activation of Bi antiphase displacements along the in-plane, pseudocubic [001] direction and that are associated with the M point [see Figs. 3(c) and 3(f) for the corresponding g M order parameter]. Figs. 2 and 3 also indicate that the phase transition between Pnma and P2 1 2 1 2 1 results in an enhancement (but does not modify the direction) of ! R , ! M and g X [30] . Figs. 1-3 thus reveal that applying compressive strain in (À110) BFO films is dramatically different than applying compressive strain in (001) BFO films, in the sense that the former enhances oxygen octahedra tiltings and antiferroelectric displacements and opposes the formation of a polarization, while the latter leads to giant-polarization phases with small or vanishing antiferrodistortive and antiferroelectric motions [3] [4] [5] [6] [7] . Moreover and as shown in Fig. 4 , the coexistence of these g X and g M parameters in the P2 1 2 1 2 1 state leads to the formation of interpenetrated arrays of ferroelectric vortices and antivortices. Interestingly, Fig. 4 further shows that all the vortices have exactly the same chirality, which is consistent with the fact that P2 1 2 1 2 1 phases are allowed to have nonzero optical activity tensors [20] and nonzero gyrotropic tensors [18] . In fact, the Pnma-to-P2 1 2 1 2 1 phase transitions fall in the category of the so-called gyrotropic phase transitions, that are characterized by the appearance of a spontaneous optical activity [16] [17] [18] [19] [20] . It is important to realize that gyrotropic phase transitions are rare in nature, especially when being of pure type (for which no polarization or no new components of the strain tensor emerge, as it is in the present case) [18] . In fact, we are not aware of any gyrotropic phase transition that has ever been reported in any perovskite. Note, however, that a coexistence of a Pnma state with a P2 1 2 1 2 phase has been experimentally detected in ðSr 1Àx Ca x ÞTiO 3 ceramics for some composition range [33] . It is interesting to realize that P2 1 2 1 2 is another orthorhombic and gyrotropic phase and that it shares the same point group than P2 1 2 1 2 1 , that is 222. Moreover, while a Pnma-to-P2 1 2 1 2 1 gyrotropic phase transition has been previously observed in ðC 5 H 11 NH 3 Þ 2 ZnCl 4 [16] and that the coexistence of nearby ferroelectric vortices and antivortices has been recently artificially created in BiFeO 3 films [34] , no (spontaneous) interpenetrated arrays of these two kinds of topological defects have ever been predicted or seen in any material to the best of our knowledge [35] . Note also that we are not aware of any previous prediction or observation of a stable P2 1 2 1 2 1 phase in BFO systems, and that YAlO 3 (YAO) has a lattice constant that is around 7% smaller than that of BiFeO 3 . In other words, growing BFO on a (110) YAO substrate should lead to the detection of the presently predicted P2 1 2 1 2 1 state [37] . This P2 1 2 1 2 1 phase is also likely to form for smaller-in-magnitude strain at finite temperature.
In summary, we have studied, from first-principles, properties of (À110) BFO films under epitaxial strain. Several striking features were found, including (i) a polar, monoclinic Cc state in which the polarization and the axis about which antiphase oxygen octehadra tilt are both inplane and rotate within the epitaxial plane as the strain varies from ' À1:6% to þ9%; (ii) a phase transition from Cc to a nonpolar orthorhombic Pnma state for a misfit strain around ' À1:6%; and (iii) a pure gyrotropic phase transition from this Pnma to a P2 1 2 1 2 1 phase possessing interpenetrated arrays of ferroelectric vortices and antivortices, for an epitaxial strain ' À7%. The possibility of observing the first gyrotropic phase transition in perovskites is also mentioned. We thus hope that our study is of large benefits to the active and fascinating research fields of multiferroics, nanoscience and phase transitions.
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FIG. 4 (color online). Atomic features of the predicted P2 1 2 1 2 1 state. Panel (a) displays the crystallographic structure. Panels (b), (c) and (d) schematize the Bi displacements associated with the projection of g M , g X and of the sum of these two latter order parameters, respectively, in a pseudocubic (010) plane. The green (respectively, blue) arrows/circles are used to emphasize a ferroelectric vortex (respectively, antivortex).
